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Abstract
The congruence extension property (CEP) of semigroups has been extensively studied by a number of authors. We call a compact
semigroup S an Ω-compact semigroup if the set of all regular elements of S forms an ideal of S. In this note, we characterize the
Ω-compact semigroup having (CEP). Our result extends a recent result obtained by X.J. Guo on the congruence extension property
of strong Ω-compact semigroups which is a semigroup containing precisely one regular D-class.
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1. Introduction
Recall that a topological (compact) semigroup is a Hausdorff (compact) space together with a semigroup multipli-
cation which is jointly continuous. We call a compact semigroup S an Ω-compact semigroup if the set of all regular
elements of S forms an ideal of S. A semigroup S is said to have the algebraic congruence extension property, abbre-
viated by (ACEP), if for any subsemigroup T of S and each congruence σ on T , σ can be extended to a congruence ρ
on S such that ρ ∩ (T × T ) = σ . If S is a topological semigroup, and for any closed subsemigroup T of S and every
closed congruence σ on T , σ can be extended to a closed congruence ρ on S such that ρ ∩ (T ×T ) = σ , then S is said
to have the congruence extension property (CEP). The algebraic semigroups having (ACEP) were first investigated
by Tang in 1998 [9]. On the other hand, Stralka [8] has observed that the topological semigroup “min interval” also
has (ACEP) but without (CEP). In this aspect, Aucoin [1] has described the Γ -commutative Archimedean semigroups
with (CEP), and Dumesnil [4] has further established a structure theorem of compact completely simple semigroups
having (CEP). In a recent paper, X.J. Guo [5] has studied the weak Ω-compact semigroup which is an Ω-compact
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of a completely 0-simple semigroup S always forms an ideal of S. Hence, such semigroup is hence an Ω-semigroup.
Clearly, a finite completely 0-simple semigroup is an Ω-compact semigroup but not necessarily contains a regular
D-class. Thus, the Ω-compact semigroup containing precisely one regular D-class studied by X.J. Guo in [5] is just
a special Ω-compact semigroup. This is why we now call the Ω-compact semigroups studied by X.J. Guo in [5] the
strong Ω-compact semigroups. Naturally, one would ask whether we can extend the results obtained by X.J. Guo in
[5] to the general Ω-compact semigroups having (CEP)?
In this paper, we will give a characterization theorem for Ω-compact semigroups having (CEP). As a consequence,
we obtain some extended versions of the theorems given by X.J. Guo in [5] and [6]. Some results related to rectangular
groups and nil extension of semigroups will be used.
For standard notations and terminologies, we follow X.J. Guo in [5]. The reader is also referred to the monographs
of Howie [7], Carruth, Hildebrant and Koch [2,3] for other undefined definitions if necessary.
2. Preliminaries
For the sake of convenience, we first give some necessary notations, definitions and cite some known results which
will be useful in the sequel.
Notation 2.1. Let S be a compact semigroup. For a ∈ S, we write θ(a) = {a, a2, . . . , an, . . .} and denote the closure
of the set θ(a) by Γ (a). Clearly, Γ (a) is a compact subsemigroup of S. It is well known that the minimal closed ideal
of Γ (a) is a group and hence contains an idempotent e ∈ Γ (a) ⊆ S (see [2]).
Notation 2.2. Denote the minimal closed ideal of a topological semigroup S by M(S). Also, we denote the smallest
integer n such that an ∈ M(S) by mi(a). If such smallest integer does not exist, then we write mi(a) = ∞.
Notation 2.3. Denote the set of all regular elements of a semigroup S by RegS. For any a ∈ S, we let J (a) be the
principal ideal generated by a, that is, J (a) = S1aS1. Also, we denote the J -class containing a by Ja .
Notation 2.4. In a semigroup S, let I (a) = {b ∈ J (a): J (b) ⊂ J (a)}. Then, we can easily check that I (a) is an
ideal of S. The quotient semigroup J (a)/I (a) is either a 0-simple semigroup or a null semigroup, which is called a
principal factor of S (see [7]).
Notation 2.5. An element x of a semigroup S is called a quasi-regular element if there exists a positive integer n such
that xn ∈ RegS. The smallest such integer n is called the regular index and is denoted by r(x). In general, we have
r(x)mi(x).
Notation 2.6. If xr(x) is contained in a subgroup of a semigroup S, then we denote the identity of the largest subgroup
of S containing xr(x) by x◦. Also, for a, b ∈ S, we define aD∗b if and only if ar(a)Dbr(b). The other Green star
relations such as L∗,R∗ and H∗ can be analogously defined.
Definition 2.7. A semigroup S is called a nil extension of T if T is an ideal of S such that the Rees quotient S/T is a
nil semigroup.
Definition 2.8. (See [7].) A semigroup S is called a rectangular group if S is isomorphic to a direct product of a
rectangular band and a group. It is well known that a rectangular group can be expressed by the form I × G × Λ,
where G is a group and I × Λ is a rectangular band.
We now cite some results on compact semigroups in the literature.
Lemma 2.9. (See [5].) Let S be a compact semigroup having precisely one regular D-class. Denote by M(S) the
smallest ideal of S. Then the following statements are equivalent:
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(2) the following conditions hold:
(i) M(S) is a rectangular group I × G × Λ, where I is a left trivial semigroup, Λ is a right trivial semigroup
and G is a compact semigroup with (CEP);
(ii) H∗ is a congruence on S;
(iii) if xy, yx /∈ M(S) for all x, y ∈ S, then for all z ∈ S,
xz ∈ M(S) ⇔ yz ∈ M(S) and zx ∈ M(S) ⇔ zy ∈ M(S);
(iv) for all a, b ∈ S, either ab ∈ M(S) or a2 = ab = b2.
Lemma 2.10. (See [1].) Let S be a compact semigroup with (CEP) and I an ideal of S. Then the Rees quotient S/I
has (CEP).
Lemma 2.11. Let S be a compact semigroup having (CEP). Then the following statements hold:
(1) S is a semilattice of compact semigroups Sα , each which contains exactly one regular D-class, for every α ∈ Y ,
such that
(i) Sα is a nil extension of M(Sα) and M(Sα) = RegSα .
(ii) for a ∈ Sα and b ∈ Sβ with α < β , if ab /∈ RegSα then ab = a while if ba /∈ RegSα then ba = a.
(2) mi(S) 3.
Proof. Part (1) follows from X.J. Guo [6, Theorem 2.1 and 3.4]; and part (2) from Aucoin [1]. 
Lemma 2.12. (See [5].) Let X be a Hausdorff space. If ρ and σ are closed relations on X, then the relation
ρ ◦ σ = {(x, y) ∈ X × X: (x, z) ∈ ρ and (z, y) ∈ σ for z ∈ X}
is a closed relation on X.
A semigroup S is called an orthogroup if S is orthodox and is a union of groups.
The following lemma is a crucial result of orthodox semigroups.
Lemma 2.13. (See [7, Ex. 2, p. 209].) Let S be a semigroup. Then S is an orthodox semigroup if and only if each of
its principal factors is orthodox.
3. Compact semigroups with (CEP)
In this section, we give some properties of a compact semigroup S with (CEP). Since we have already stated
in Lemma 2.11(1) that such a semigroup S can always be expressed as a semilattice of compact semigroups Sα ,
say S = (Y ;Sα), we can concentrate on these component semigroups Sα . Throughout this section, S = (Y ;Sα) is a
compact semigroups with (CEP).
Lemma 3.1. Let S be a compact semigroup with (CEP) and S = (Y ;Sα) the semilattice decomposition of S. For every
a ∈ Sα , x ∈ Sβ and α  β , if ax ∈ RegSα then ax = a◦ax.
Proof. By our hypothesis, every semigroup Sα has (CEP). SinceH∗ is a congruence on Sα , H ∗a is a subsemigroup of
Sα . However, since a ∈ H ∗a , we see that a◦a, a ∈ H ∗a , and hence aH∗a◦a. This leads to
ax = a(x(ax)◦)H∗a◦a(x(ax)◦)= a◦ax.
Consequently, a◦Rax because RegSα is a completely simple semigroup. This shows that ax = a◦ax. 
Lemma 3.2. Let S = (Y ;Sα). For a, b ∈ Sα with α  β , if aR∗b, then axH∗bx or ax, bx ∈ H ∗a ∪ H ∗b , for every
x ∈ Sβ .
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(1) α = β . Because H∗ is a congruence on the semigroup Sα and RegSα is a completely simple semigroup, we
have
axH∗a◦x◦Ra◦Rb◦Rb◦x◦H∗bx.
This implies that axR∗bx. On the other hand, since RegSα is a completely simple semigroup, a◦x◦Lb◦x◦ and hence
axH∗a◦x◦L∗b◦x◦H∗bx.
This shows that axL∗bx, and therefore axH∗bx.
(2) α < β . Since RegSα is an ideal of Sα , we have
xR∗y if and only if x3Ry3.
Since R is a closed relation on a compact semigroup, we can easily deduce that R∗ is a closed equivalence on Sα .
Dually, L∗ is also a closed equivalence on Sα . Thus H∗ is a closed equivalence on Sα . Now let T = R∗a . Since H∗ is
a congruence on Sα and E(T ) is a right zero band, it can be easily verified that T = R∗a is a subsemigroup of S and
furthermore T is a closed subsemigroup of S.
Now, we define
ρ = (H ∗a◦ ∪ H ∗b◦
)× (H ∗a◦ ∪ H ∗b◦
)∪
(⋃{
H ∗x◦ × H ∗x◦ : x ∈ T
})
.
Since xH∗x◦, E(T ) is a right zero band and H∗ is a congruence on Sα , we can easily check that ρ is a congruence
on T . We still need to verify that the congruence ρ is closed. Since H∗ is closed (by using the same arguments as
above), H ∗a is closed. Consequently, (H ∗a◦ ∪ H ∗b◦) × (H ∗a◦ ∪ H ∗b◦) is closed. On the other hand, since the mapping
φ :T × T → T/H∗ × T/H∗ defined by (a, b) → (aH∗, bH∗)
is continuous, (ΔT/H∗)φ−1 =
⋃{H ∗x◦ × H ∗x◦ : x ∈ T } is closed. This leads to ρ is closed. Because S is a compact
semigroup with (CEP), there exists a closed congruence σ on S such that σ ∩ (T × T ) = ρ.
We now claim that ax ∈ T . Indeed, if ax /∈ RegSα , then ax = a ∈ T by Lemma 2.11. If ax ∈ RegSα , then, by
Lemma 3.1, ax = a◦ax, where a◦ is the identity of the largest subgroup of S containing ar(a) in Sα (see Notation 2.6).
Hence, axR∗a◦ since RegSα is a completely simple semigroup so that axR∗a. Thereby, ax ∈ T . Hence, our claim is
established. Similarly, we have bx ∈ T . Since (a, b) ∈ ρ ⊆ σ , we have (ax, bx) ∈ σ ∩ (T × T ) = ρ. This shows that
ax, bx ∈ (H ∗a◦ ∪ H ∗b◦) or axH∗bx. This completes the proof. 
Lemma 3.3. Let S be a compact semigroup with (CEP) such that S = (Y ;Sα). If ab ∈ RegSαβ for every a ∈ Sα and
b ∈ Sβ , then ab = a◦ab = abb◦.
Proof. We only need to prove ab = abb◦ since ab = a◦ab can be similarly proved. We consider the following cases
separately:
(1) α  β . Since ab ∈ RegSα and RegSα is an ideal of Sα , we have abn ∈ RegSα for all positive integer n,
that is, aθ(b)RegSα . Hence aΓ (b) ⊆ RegSα as RegSα is closed. But since b◦ ∈ Γ (b), we obtain ab◦ ∈ RegSα .
Now, we denote e = (ab◦)◦. Then, by Lemma 3.1, ab◦ = a◦(ab◦) and, since H∗ is a congruence on Sα , we have
ab◦ ∈ H ∗a◦H ∗e ⊆ H ∗a◦e. On the other hand, since Sα has (CEP), RegSα has (CEP) and hence, by Lemma 2.9, RegSα
is a rectangular group. This shows that a◦eRa◦. Thus ab◦H∗a◦eR∗a. It follows from Lemma 3.2 that ab◦bH∗ab or
ab◦b, ab ∈ H ∗ab◦ ∪ H ∗a . Since b◦ ∈ M(Γ (b)), we have b◦b ∈ M(Γ (b)) and so b◦b = b◦bb◦ = bb◦. Accordingly, we
have abb◦H∗ab or abb◦, ab ∈ H ∗ab◦ ∪ H ∗a . In other words, abb◦H∗ab or abb◦H∗ab◦ and abH∗ab◦ or abb◦H∗ab◦
and abH∗a or abb◦H∗a and abH∗a. Thus abb◦H∗ab or abH∗a. Now, we only need to consider the following cases:
(i) abb◦H∗ab. Since RegSα is an ideal of Sα , abb◦ ∈ RegSα and so abb◦Hab. Hence there exists u ∈ S such that
ab = uabb◦, and thereby, ab = abb◦.
(ii) abH∗a. In this case, by Lemma 3.2, aH∗abH∗ab2H∗ab3. But since b3 ∈ M(Γ (b)), we have b3 = b3b◦. Thus
abH∗ab3b◦. Since ab, ab3b◦ ∈ RegSα , we also have abHab3b◦ and so ab = vab3b◦ for some v ∈ S. Thus, it follows
that ab = abb◦.
(2) α  β . This part follows from Lemma 3.1.
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ab = [(ab)◦a]b = [(ab)◦a]bb◦ = abb◦.
Thus, ab = abb◦ if ab ∈ RegS. The proof is completed. 
4. Ω-compact semigroups having (CEP)
We now prove our main theorem which determines when will the Ω-compact semigroups having (CEP).
Theorem 4.1. Let S be a Ω-compact semigroup. Then S has (CEP) if and only if the following conditions hold:
(A) RegS is a compact orthogroup with (CEP) and S a nil-extension of RegS;
(B) for all x, y ∈ S\RegS, either xy ∈ RegS or x2 = xy = y2;
(C) for all x, y ∈ S\RegS, if xy, yx /∈ RegS, then for every z ∈ S,
xz ∈ RegS ⇔ yz ∈ RegS and zx ∈ RegS ⇔ zy ∈ RegS;
(D) for all x, y ∈ S, if xy ∈ RegS, then xy = x◦xy = xyy◦.
Proof. Assume that the compact semigroup S has (CEP). Then, by Lemmas 2.9 and 2.11, S is a semilattice Y of
compact semigroups Sα , where Sα is a nil extension of rectangular groups Iα ×Gα ×Λα and M(Sα) = Iα ×Gα ×Λα .
Since RegS =⋃α∈Y RegSα is a regular subsemigroup of S and each E(Sα) a rectangular band, by Lemma 2.13, we
know that RegS is an orthogroup. On the other hand, since E(S) and R are closed, we have, by Lemma 2.12,
ρ =R ◦ ΔE(S) is a closed relation on S. Since the projection is a closed mapping, the set
RegS = {x ∈ S: xRe for some e ∈ E(S)}= (ρ)p
is obviously closed and hence compact in S, where the projection p is defined by
S × S → S; (x, y) → x.
Thus, RegS has (CEP) and so RegS is a semilattice of compact regular semigroups Sα , for α ∈ Y . It follows from
Lemma 2.9 that Sα is a rectangular group. Observe that each principal factor of RegS is S0α for some α, hence, by
Lemma 2.13 again, RegS is orthodox and, in particular, it is an orthogroup. Furthermore, by Lemma 2.11, S is a
nil-extension of RegS. This proves that condition (A) holds.
Since RegS is a closed ideal of S, S/RegS is of course compact and, by Lemma 2.10, S/RegS has (CEP). Since
a nil-semigroup contains precisely one regular D-class, by Lemma 2.9, conditions (B) and (C) hold in S (also see [5,
Theorem 2.1]). The condition (D) now follows from Lemma 3.3.
Conversely, suppose that S satisfies the conditions (A)–(D) in Theorem 4.1. Let N be a closed subsemigroup of S
and ρ a closed congruence on N . Since N is a compact semigroup, by a result of Wallace (also see [2, Theorem 1.8,
p. 13]), N has an idempotent and so N ∩ RegS = ∅. On the other hand, by the proof of the necessity part, we see that
RegS is a closed subset of S. Set T = N ∩ RegS and σ = ρ ∩ (T × T ). Then, we can easily see that T is a closed
subsemigroup of RegS and σ is a closed congruence on T . Now, by condition (A), σ can be extended to a closed
congruence on RegS, say τ . Putting μ = ρ ◦ τ ∪ τ ◦ ρ ∪ ρ ∪ τ ∪ ΔS . Then, by Lemma 2.12, μ is a closed relation
on S. It is now easy to check that μ is an equivalence on S since τ ∩ (N × N) ⊆ ρ.
In order to prove that μ is a congruence on S, it suffices to show that μ is both left and right compatible. We only
need prove the left compatible case and the right compatible case can be dually obtained. Now let x, y, z ∈ S and
(y, z) ∈ μ. Consider the following cases:
Case (1) (y, z) ∈ τ . In this case, y, z ∈ RegS and so xy, xz ∈ RegS. Hence, by condition (D), we see immediately
that
(xy, xz) = (x◦xy, x◦xz) = x◦x(y, z) ∈ τ ⊆ μ
Case (2) y, z ∈ S\RegS and (y, z) ∈ ρ. We have the following three subcases:
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and so (y◦ρ, z◦ρ) ∈H. Notice that each H-class contains at most one idempotent, we see that y◦ρ = z◦ρ. Hence,
(yy◦, zz◦) ∈ ρ ⊆ σ . This leads to
(xy, xz) = (x◦x • yy◦, x◦x • zz◦) ∈ τ ⊆ μ.
(b) If xy, xz ∈ S\RegS, then, by condition (B), we have xy = x2 = xz. Hence (xy, xz) ∈ μ.
(c) Suppose that exactly one of xy and xz lies in RegS, say xy ∈ RegS. Then, by using the above proof, we have
(y◦, z◦) ∈ ρ. Hence (yy◦, zz◦) ∈ ρ. Applying case (1), we obtain (xyy◦, xzz◦) ∈ τ . But by xy = xyy◦ (condition (D))
and xz = x2 = z2, we have
xy = xyy◦τxzz◦ = z2z◦ = z◦z2z◦ = z◦z2.
Since (y, z) ∈ ρ, for some z ∈ N and so (yz, z2) ∈ ρ. On the other hand, since N is a closed subsemigroup of S, we
have Γ (z) ⊆ N and hence z◦ ∈ N . If yz ∈ RegS, then, since (y◦, z◦) ∈ ρ, by condition (D), we have
(yz, z2z◦) = (y◦yz, z◦z2z◦) ∈ ρ.
This leads to (z2, z2z◦) ∈ ρ. We have now proved that xyτz2z◦ρz2 = xz. By using similar arguments, we can also
show that if zy ∈ RegS, then xyτxz. If yz /∈ RegS and zy /∈ RegS, then, by condition (C), we have xy ∈ RegS if and
only if xz ∈ RegS. Hence xy, xz ∈ RegS. This contradicts our hypothesis that there is exactly one of xy and xz lies
in RegS. Clearly, these cases cannot be happened.
Case (3) One of y and z belongs to RegS, say y ∈ RegS, and yρz. In this case, yz, zy ∈ RegS. By condition (C),
we only consider the following two cases:
(a′) Assume that xy, xz ∈ RegS. Then,by using the proof of case (2), we have (y◦, z◦) ∈ ρ. Thus, by condition (D),
(xy, xz) = (x◦x • yy◦, x◦x • zz◦) ∈ τ ⊆ μ.
(b′) Assume that xz /∈ RegS. Then,by using the proof in case (2), we can see that xyτz◦z2, (yz, z2) ∈ ρ and z◦ ∈ N .
But yz ∈ RegS, so, by condition (D), (yz, z2) = (yz, z2z◦) ∈ ρ. Hence (z2, z2z◦) ∈ ρ and consequently,
xyτz◦z2 = z2z◦ρz2 = xz.
Case (4) (y, z) ∈ τ ◦ρ or (y, z) ∈ ρ ◦τ . In this case, we have u,v ∈ S such that (y,u) ∈ τ, (u, z) ∈ ρ, (y, v) ∈ ρ and
(v, z) ∈ τ . This means that u,v ∈ N . It follows from cases (1)–(3) that (xy, xu), (xv, xz) ∈ τ and (xy, xv), (xu, xz) ∈
ρ. Hence (xy, xz) ∈ μ.
Summing up the above cases (1)–(4), we see that μ is indeed left compatible with respect to the semigroup multi-
plication.
It remains to prove that the restriction μ|N of μ to N is equal to ρ. To see this, let (x, y) ∈ μ|N . Then we have
x = y, (x, y) ∈ ρ and so we have (x, y) ∈ τ , (x, y) ∈ ρ ◦ τ or (x, y) ∈ τ ◦ρ. Obviously, if the first two cases hold, then
(x, y) ∈ ρ. If the third case holds, then, since τ is an extension of ρ ∩ (T × T ), (x, y) ∈ ρ. Finally, if the fourth case
holds, there exists u ∈ S such that (x,u) ∈ ρ and (u, y) ∈ τ . Hence u ∈ N . Thus, by the above proof, (x,u), (u, y) ∈ ρ
and so (x, y) ∈ ρ. By using similar arguments, we can show that if the fifth case holds, then (x, y) ∈ ρ. Therefore,
μ|N = ρ. This completes the proof. 
Theorem 4.2. Let S be a Ω-compact semigroup. Then S has (CEP) if and only if S satisfies the conditions (A)–(C) of
Theorem 4.1, and
(D′) (xy)◦ = x◦(xy)◦y◦, for all x, y ∈ S.
Proof. We need only to prove that condition (D′) holds if S has (CEP). Obviously, (xy)r(xy) ∈ RegS, for all x, y ∈ S.
Observe that (xy)r(xy) = x • (yx)r(xy)−1 • y, by Theorem 4.1, we see that (xy)r(xy) = x◦(xy)r(xy)y◦. On the other
hand, we also have (xy)r(xy)H(xy)◦ and so, by using Lemma 3.2 and its dual, we have
(xy)◦H(xy)r(xy) = x◦(xy)r(xy)y◦Hx◦(xy)◦y◦.
This formula implies that (xy)◦ = x◦(xy)◦y◦ since each H-class contains at most one idempotent. This proves that
the condition (D′) holds, as required. 
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